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ABSTRACT: We investigate the attractor mechanism for spherically symmetric extremal
black holes in a theory of general R? gravity in 4-dimensions, coupled to gauge fields
and moduli fields. For the general R? theory, we look for solutions which are analytic
near the horizon, show that they exist and enjoy the attractor behavior. The attractor
point is determined by extremization of an effective potential at the horizon. This analysis
includes the backreaction and supports the validity of non-supersymmetric attractors in the
presence of higher derivative interactions. To include a wider class of solutions, we continue
our analysis for the specific case of a Gauss-Bonnet theory which is non-topological, due
to the coupling of Gauss-Bonnet terms to the moduli fields. We find that the regularity of
moduli fields at the horizon is sufficient for attractor behavior. For the non-analytic sector,
this regularity condition in turns implies the minimality of the effective potential at the
attractor point.
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1. Introduction

Supersymmetric BPS black holes in string theory are known to exhibit an attractor mech-
anism, whereby the values of scalar fields at the horizon are determined only in terms of
the charges carried by the black hole and are independent of the asymptotic values of these
scalar fields [-f. As a result, the black hole solution at the horizon and the resulting
entropy turn out to be determined completely in terms of the conserved charges associated
with the gauge fields. Following this, the attractor mechanism has been studied extensively
in the context of the supergravity and string theory.

It was further discussed in [, [, that the attractor mechanism can also work for non-
supersymmetric cases. Recently there has been a surge of interest in studying the attractor
mechanism without the use of supersymmetry. In particular, important developments are
taking place in the context of non-supersymmetric attractor mechanism, in the presence
of higher curvature interactions in theories with and without supersymmetry.

The role of non-supersymmetric attractors was further clarified in [fj]. By using per-
turbative methods and numerical analysis it was shown that the attractor mechanism can
work for non-supersymmetric extremal black holes. The authors considered theories with
gravity, gauge fields and scalars in four and higher dimensions which are asymptotically
flat or Anti-De Sitter. It is worth mentioning that the scalar fields do not contain any po-
tential term in the action, so as to allow them to behave as moduli at infinity. However, the
coupling of these scalars with the gauge fields acts like an effective potential for the scalars.
This is with the foresight to fix the scalar field values in terms of the conserved charges



associated with the gauge fields. Varying the effective potential, the values of scalar fields
are determined in terms of the charges carried by the black hole. Several examples were
presented in [fl] and also in the context of string theory [[f. Recently in [§], a c-function
was introduced which monotonically decreases from infinity to the horizon and coincides
with the area of the horizon at the horizon. Further developments are studied in [J—[L]].

Following these developments, it is important to understand whether the attractor
mechanism can work in the absence of supersymmetry when there are higher derivative
terms in the action. In [@], using the near horizon geometry of extremal black hole to be
AdSy x S?, it was explicitly shown that extremizing the ‘entropy function’ with respect to
the scalar fields, leads to a generalized attractor mechanism (see also [[3]). The Legendre
transform of this function with respect to the electric charges, evaluated at the extermum,
is proportional to the entropy of the black hole. This method has been used to compute
corrections to the entropy of different black holes due to the higher corrections to the
effective action [[[4-[[7]. In fact, the addition of a Gauss-Bonnet term reproduces the
entropy associated with four charge black holes in the Heterotic string theory, which were
earlier computed making heavy use of supersymmetry. All these results also agree with
the microscopic counting of entropy [[§-P§. However the existence of a solution is a
presumption in [@], though it has the advantage that the action is very general.

Recently it has been shown that the Legendre transformation of black hole entropy
with respect to the electric charges is related to the generalized prepotential, and this
led to the new conjectured relation between the black hole entropy and topological string
partition function [9-BZ. Applying the results of these black holes to special case of black
holes in Heterotic string theory with purely electric charges, one finds agreement between
black hole entropy and the degeneracy of elementary string states [B3—[] even for small
black holes with vanishing classical horizon area [[4—[4].

Following the approach in [f}], we show that the attractor mechanism works for non-
supersymmetric theories even after the inclusion of higher derivative R? terms, and in a
more specific case, the Gauss-Bonnet terms. In four dimensions, since the Gauss-Bonnet
term is a total derivative, its coupling with dilaton field plays an important role. Without
this coupling, Gauss-Bonnet term dose not contribute to the equations of motion. Thus,
after coupling to the scalar fields we find non-trivial equations of motions and solve all of
them together.

To solve the equations, we consider the background to be an asymptotically flat ex-
tremal black hole and look for scalar fields which are free at infinity and regular at the
horizon. It will be shown that subject to these boundary conditions, all solutions of the
scalar fields get fixed values at the horizon, independent of their arbitrary moduli values
in the asymptotic region. This analysis supports the existence of attractor mechanism for
black holes in higher derivative gravity.

Since we are faced the situation of dealing with a set of coupled non-linear equations
involving the metric and many scalar fields, we solve them by a series solution method. In
R? gravity we derive the solutions as a series with analytic behavior near the horizon. For
completeness, we consider non-analytic, but regular solutions in the Gauss-Bonnet case.
We also make use of a perturbative method in terms of the parameter o/, for the case of



Gauss-Bonnet theory and construct the perturbative solutions on top of the zeroth order
solutions of the Einstein-Hilbert gravity given in [f]. In all these cases, we show that, as
long as regularity and asymptotic flatness conditions are satisfied, the solutions enjoy the
attractor mechanism.

The organization of the paper is as follows. In the next section we give a brief review of
the non-supersymmetric attractor mechanism in the Einstein-Hilbert theory. In section [,
we discuss the attractor mechanism near the horizon of an extremal black hole, for general
higher derivative theories. Section [l is devoted to R? gravity where we find an analytic
series solution for the set of coupled equations. In section [], we investigate Gauss-Bonnet
theory and give as large as possible class of solutions with given boundary conditions. We

conclude in section .

2. Brief review of non-supersymmetric attractor mechanism

Here we collect some important points regarding the non-supersymmetric attractor mech-
anism in four dimensional asymptotically flat space-time for later use. It is instructive
to start with gravity theories coupled to U(1) gauge fields and scalar fields, dictated by

following the bosonic action:!

1
2\/—g

where Fjj,, a =0,... N are gauge fields and ¢%, i = 1,...n are scalar fields. The scalars

have no potential terms but determine the gauge coupling constant. We note that g;; refers

S = % /d4x\/—_g <R — 2(8(}51)2 _ fab(@i)FSyFb [T 2 fab(¢i)FﬁyF£g€uypg> (2.1)

to the metric in the moduli space and this is different from space time metric, i.e., g, .
The equations of motion derived from the action (R.I]) are as follows:

1
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A spherically symmetric space-time metric in 341 dimensions can be taken to be of the
form:

ds® = —a(7“)2dt2 + a(r)_Zdr2 + b(r)2d§22 (2.3)

On the other hand, the Bianchi identity and equations of motion of gauge fields can be
solved by taking the gauge field strengths to be of the form:

Fo = fob(6:)(Qup — fch;L)bith Adr + Q% sin 0d0 A dog, (2.4)

n the convention of [E], ﬁ factor is involved in the definition of €, 0.



where Q¢ and (), are constants that determine the magnetic and electric charges carried
by the gauge fields F, and £ is inverse of f,;. Using the equations of motion it is possible
to derive the following second order equations for the unknown functions a(r), b(r) [f]:

(@*(r)b(r)" = 2, (2.5)

%" = —(0:9)?, (2.6)

0, (2a26%0, ¢;) = al'b‘fﬂ“, (2.7)
—1+a®" + % = _blg(v:sff(@)) +a*0(9,0)?, (2:8)

with the effective potential given by,

Ver(¢5) = f(Qea — fac Q) Qe — FoaQlh) + fap Q2 Q0. (2.9)

It is useful to note that the equations of motion (R.§.7) given above, can be derived from
the following one-dimensional action:
1 " " 2Vﬁ"(¢)

S = E/dr [2 — (a®b?)" —2a%bb — 2a2b%(0,6)* — % . (2.10)
Furthermore, eq. (R.§) stands for the Hamiltonian constraint which must be imposed in
addition.

Now two sufficient conditions having the attractor behavior for the moduli fields can
be stated as follows [[f]. First, for fixed charges, Veg as a function of the moduli, must have
a critical point. Let us denote the critical values of the scalars as ¢ = gbf). Then we have,

i Vest (¢i0) = 0. (2.11)
Second, the matrix of second derivatives of the potential at the critical point,
M;; = %@@‘Veff(qﬁio), (2.12)
should have positive eigenvalues. Schematically one can write,
M;; > 0. (2.13)

This condition guarantees the stability of the solution. Let us refer to M;; as the mass
matrix and the corresponding eigenvalues as masses (more correctly mass? terms) for the
fields, ¢ [

Once the two conditions mentioned above are met, it was argued in [fJ] that the at-
tractor mechanism typically works. There is an extremal Reissner-Nordstrom black hole
solution in the theory, where the black hole carries the charges specified by the parameters,
Q% , Qeq. Further, the moduli take critical values, ¢g at the horizon, which are independent
of their values at infinity. In other words, although ¢ is free at infinity as a moduli field, it
is attracted to a fixed point, ¢g at the horizon.



Let us now consider a constant ¢ solution, in which case, the resulting horizon radius
can be shown to be,

b = Ve (¢10), (2.14)
with the entropy given as:
1
Spn = 7 A = b3 (2.15)

In the next section, we study the behavior of solutions near the horizon and discuss the
attractor conditions for more general theories.

3. Near horizon solution

Consider, a general theory of gravity and gauge fields with higher derivatives interactions.
Let us assume that the theory admits an extremal Reissner-Nérdstrom(RN) black hole
solution as in (R.3). Let us consider the general action as,

5= / 4'2\/G L(Gus Fys f1). (3.1)

where f7’s are some couplings in the theory. To include scalar fields, we replace these
couplings by some functions of scalars (but not their derivatives) as fr(¢), and add a
kinetic term for the scalars in the action. Besides the modifications to the equations of
motion of metric and gauge fields, one also has the equations of motion of scalar fields
which take the form,

o l aWeﬁ

Oy (ab?0,¢) = EREYS

(3.2)

where Weg comes from the effective Lagrangian density, after inserting the ansatz for the
metric and gauge field solutions as background fields in the action.

The near horizon behavior of this equation is important. To a first order approxima-
tion, we neglect the backreaction and assume the existence of a black hole with double
degenerate horizon. In this case, one expects to have the following forms for a(r) and b(r)
near the horizon:

b(r) ~r. (3.3)

Now, for a regular solution of ¢(r) near the horizon, the left hand side of (8.9) vanishes,
which in turn implies that Weg should have a critical point as r approaches rg. Let us
denote this critical point by ¢;g, such that:
oWy
O

Notice that in contrast to the previous section where Veg was r-independent, here Weg

= 0. (3.4)
$o0

generically depends on r, but its extremum will be meaningful only at » = rg. Thus, we
use the subscript H which indicates the value of Weg at the horizon.



In the other limit at large r, if we assume an asymptotically flat background, then
the scalar field should appear as a moduli field with arbitrary asymptotic values. In this
way, one can obtain the attractor mechanism, which means that, for any arbitrary values
of moduli fields in the asymptotic region, the scalar fields always approach fixed critical
values ¢;9 at the horizon.

In [{], this behavior was studied by the perturbative methods described above. That
is, by setting the asymptotic values of the scalar fields equal to their critical values and
then examining what happens when the scalars take values at asymptotic infinity which
are somewhat different from their attractor values, ¢; = ¢;.

To this end, one starts with a study of the scalar field equation to first order in
perturbation theory, in the RN geometry without including backreaction. Let ¢; be a eigen
mode of the matrix of second derivatives, W;; = 0;0;Weg. Then, denoting d¢; = ¢; — ¢,
neglecting the gravitational backreaction and working to a first order in d¢;, we find that
eq. (B-2) takes the form,

Oy ((r —rm)?0,9¢;) = Tingi&bu (3.5)
H

where wy; is the relevant eigenvalue of W;;. In the vicinity of horizon, we have replaced
b(r) by . Asymptotically, as r — oo, the effects of the gauge fields and higher derivatives
interactions die away and eq. (B.5) reduces to the equation of motion for a free field in flat
space. This has two expected solutions, d¢; ~ const. and d¢; ~ 1/r, both of which are well
behaved. One can now notice that the second order differential equation is regular at all
points in between the horizon and infinity. So once we choose the non-singular solution in
the vicinity of the horizon it can be continued to infinity without blowing up.

Now one can easily find the solutions of the linearized equations (B.H), to be [f:

o1 rE\Y
oir) = C (1- ) (3.6)
where,
1 dawog;
)xl-:—(—li 1+ “;2> (3.7)
2 Ty

With a plus sign, this represents a regular solution at the horizon, provided ws; is non-
negative. Further, in eq. (@) C is an arbitrary constant, which denotes the asymptotic
value of the scalar field.

Next, one includes the gravitational backreaction. The first order perturbations in the
scalars source a second order change in the metric. The resulting equations for metric
perturbations are regular between horizon and infinity. The analysis near the horizon
and at the infinity shows that a double-zero horizon black hole solution continues to exist
which is asymptotically flat after including the perturbations. In case of [ the analysis
was extended to all orders in perturbation theory analytically and it was found that the
attractor mechanism works to all orders without any extra conditions.



To conclude, the key feature that leads to the attractor behavior is the fact that
solutions to the linearized equation for d¢ are well behaved as r — oo, and under some
conditions there are regular vanishing solutions near the horizon. If one of these features
fails then the attractor mechanism may not work. For example, adding a mass term to the
scalars, results in one of the two solutions at infinity diverging. Now, as discussed in [f],
it is typically not possible to match the well behaved solution near the horizon to the well
behaved one at infinity and this makes it impossible to turn on the dilaton perturbation
in a non-singular fashion. In the following sections we consider some interesting examples
to study the attractor mechanism.

Before going through the examples, we wish to make a comment about the entropy
of the black hole. Indeed, following the Wald’s formula or using the prescription for the
entropy functional given in [[[Z], one finds the entropy to be proportional to Wy (¢g) (see [[[2,

4, 16, [I7)).-
4. R%-gravity

In this section, we consider a general R? action coupled to the moduli field and add it to
the Lagrangian (R.1):2

Ly = G(¢) (NR® + SR, R™ + 6 Ryuypo R*77) . (4.1)
The most general metric with spherical symmetry is of the form:

ds® = —a(r)Zdt2 + 2d7“2 + b(T)QdQ%- (4.2)

1
c(r)?a(r)
Although it is possible to set ¢(r) = 1 by a redefinition of the radial coordinate, we keep
¢(r) free to derive the complete set of equations, including the Hamiltonian constraint,
from the one dimensional action.

The gauge field background is same as in eq. (R.4). Inserting the metric (f.J) in the
action, we find the following one dimensional action:?

1 Vv
S = [dr|-— ¢ (a2b2)” — ca’by" — (¢) — 2002V — b2add
c 2 b2c
1

—i—b—4G(¢) {2n (4ac2a'bb' + cb*d'da + a*Pb* + Fb?aad” + 2bca®t'd — 1
+c*b%a”? + 2b02a26")2 + 0 (1 —2a22? + Mvrad”? + 3¢ at — 2bcaV ¢
+ 8c4be"a3a/b' + 803626/20/0,30/ + 2bc4a4b/lb/2 + 4a3c4a/bb/3 + 302626/20/2a4
+264b3a3a”b” + 203b3a3a”b/c/ + 263b3alcla3b" + 2C2b3a/c/2a3b/ + 2C4b3a/2b//a2
+ 6C3b2b//a4blc/ + 263b4a2a”a/cl + 2C4b4aa//a/2 + 4C4b3a2a”a/bl + C2b4a/2cl2a2
123043 a + 63302 a2V + 4t bPaab’ + 8¢ b2a2a’2b? + Abiat + atctyt

2For simplicity we consider a single moduli field. The generalization to multi-moduli fields is straight-
forward.

3This is the same as the case of action () where beside the Vg term, all the other terms (being
gauge-background independent) are simply derived by inserting the metric ansatz into the original action.
Vert term can be reached by inserting the gauge field solution with a sign modification.



—2b%a’t — dacta'bb + 2a4c3b/3bc') + 26 (1 + 263%v%a%a"d'd + 264202 at
LA a20" 1+ 43D a4+ a2 %0 + AV a3l — 20222 + Abralt
L O2E2B22204 + AV dPd + 24 b add? + 263t a + At hia2a2b

—i—a4c4b'4) }} (4.3)

One derives the equations of motion by varying the above action with respect to a, b, ¢
and ¢. Then we can put ¢(r) = 1, and the equation for ¢ turns out to be the Hamiltonian
constraint. We call these equations as EqA, FqB, EqC and Eq®, respectively.* Though
the total effective potential Wg introduced in the previous section has a complicated form
in this theory, it is not too hard to find its critical point at the horizon as we show below.

It is well known that these equations admit AdSs x S? as a solution with constant
moduli. However we want to address the attractor behavior in solutions which are asymp-
totically flat. In view of the fact that the four equations governing (a(r),b(r), ¢(r)) are a
set of highly complicated coupled differential equations of order four. To solve these equa-
tions, we follow the Frobenius method. As a variable of expansion we define z = 1 — *&,
ranging from 0 to 1 to cover r > ry completely.

In fact, requiring that the solution:

1. be extremal: meaning that a(r) = (r — rg)?H(r), with H(r) being analytic at the
horizon, r = rg.

2. be asymptotically flat: meaning that (a(r),b(r), ¢(r)) tend to (1,7, ¢ ) at asymptotic
infinity.

3. be regular at the horizon,

the most general Frobenius expansions of a(r), b(r) and ¢(r) take the form:

a(r) = (az—l—xh iam:”), (4.4)
n=2
b(r) = (17"_717’:6) <1+ﬂc’\2n§):1bnx”>, (4.5)

o(r) = <¢o + a8 ni%x") (4.6)

For concreteness, from now on we set both the functions G(¢), which is the coupling
of moduli field to R?, and V (¢), which is the U(1)-background contribution to the effective
potential, to be of standard dilatonic forms, as inspired by string theory. More precisely,

denoting the attractor value of moduli with ¢y we set,>

G(9) = go e (6—¢0) : V(¢) = vo e(d—a0) (4.7)

“Here we avoid writing these equations which are very lengthy. We have used the maple package to
derive them.
®Notice that with this parametrization, G(¢o) = go and V(¢o) = wo.



We mention that although, in comparison to (R.9), V(¢) of (f.7) is of pure magnetic
(electric) type, the case given in ({.7) is rich enough for our study since the new function
G(¢), mathematically, compensates the role played by the lacking electric (magnetic) term.

Zeroth order results. For the case at hand, it is consistent to set A; = 0. FEqA is
automatically satisfied and either of FqB or EqC implies,

vy = 1y, (4.8)
while Eq® gives:
ryp— L (49)
V"9, (B+26) " )

Notice that equations (.§) and ([.9), together, determine both of the attractor value of
the moduli filed and the horizon radius in terms of the parameters of the action. In fact
both the above results are meaningful to us. Due to (@) the Bekenstein-Hawking entropy
of the solution is given by the value of the parameter vy, up to a numerical prefactor. The

information encoded in ([.9) becomes clearer when we note that this relation, together

with (.7), implies:

dv dG
i 2(B+26)% =0, (4.10)
which is exactly (B.4) with,
Wh(¢) = V(¢) = 2(8 + 20)G(¢). (4.11)

This in fact fixes ¢ at its extremum point. From ([£f), ¢o = ¢(ry) and so the value
of the moduli field is fixed at the horizon, regardless of any other information. Thus to
complete the proof of the attractor behavior, we should be able to show that the four
sets of equations of motion, denoting a coupled system of differential equations, admit the
expansions ([.4), (£) and ([£.6). Furthermore, one should see that there are solutions to
all orders in the z-expansion with arbitrary asymptotic values at infinity, while the value
at the horizon is fixed to be ¢g. The existence of a complete set of solutions with desired
boundary conditions (considering the fact that we have coupled non-linear differential equa-
tions) by itself is not trivial. Moreover, it is easy to show that, in our theory, there is no
asymptotically flat solution with everywhere constant moduli.

Higher order results. We solve the system of equations (EqA, EqB, Eq®, EqC) order
by order in the z-expansion. To first order, we find that one variables, say ¢1, can not be
fixed by the equations. Let us denote the value of ¢; as K. We thus find as and by as a
function of K. One can check that at any order n > 2, one can substitute the resulting
values of (G, byn—1, ¢m—1), for all m < n from the previous orders. Then (EqB, Eq®, EqC)
of the current order together with FqA of order (n — 1), consistently give,

bn = bn(Ka 90) y Onyl1 = anJrl(Ka 90) ; an = QSYL(Ka 90) . (412)
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Figure 1: ¢(r) vs. log(r), where numerical coefficients are n = 1,8 =2,6 = 3,4 = 5 and go = 4.
Different curves represent different asymptotic values for K = ¢o,. The attractor point is ¢g = 1
at the horizon, rg = 1.

as polynomials of order n in terms of K.

It is worth noting that K remains a free parameter to all orders in the z-expansion.
From ([E4), () and ([.6), the asymptotic values of (a(r),b(r), ¢(r)) are given by a sum
of all the coefficients in the x-expansion of the corresponding function. Owing to the
result (1.12) we observe that (@, bso, Poo) are free to take different values, given different
choices for K.5

The arbitrary value of ¢ at infinity is ¢ = ¢, while its value at the horizon is fixed
to be ¢g. This is the very attractor mechanism which we were looking for in this model.
Figure [I| shows ¢ vs. r in logarithmic scale with different asymptotic values K.

5. Black holes in Gauss-Bonnet gravity

Since the Gauss-Bonnet case is a special sector of general R? gravity, it is obvious that any
solution of the form considered in the previous section, enjoys the attractor mechanism.
Now we relax the analyticity condition and, instead, only require the solutions to be regular
at the horizon. This relaxation, enables us to cover a class of solutions connected to G = 0
case discussed in [fj], which are not analytic at z = 0.

Black holes in higher order gravity are being actively pursued. It is important to
note that string theory predicts the Einstein-Hilbert action to be modified by higher order
curvature corrections. The leading correction is quadratic in curvature. Typically, only
certain special corrections are considered. At quadratic order, the. combination which is

SWe do not address the convergence of the series in detail, but it would be the case for small enough
values for |K].

,10,



considered is the Gauss-Bonnet term:
Rosro R — 4R ;R + R? (5.1)

We are interested in an Einstein-Gauss-Bonnet theory coupled to the gauge fields and
scalars. Since the Gauss-Bonnet term in four dimensions is a topological term, the coupling
to the scalar fields is crucial. Without this coupling, the Gauss-Bonnet term does not
contribute to the equations of motion. In that case, we are left with the RN solution

reviewed in section B

5.1 Equations of motion and attractors

Consider a gravity theory coupled to U(1) gauge fields and scalars in the presence of higher
order corrections of the Gauss-Bonnet type. The system is dictated by following bosonic
action:

1 a v 1z a vpo
S=;;/f%ﬁ€<R—2®%Y—ﬁM@ﬂLF“‘—§ﬁM@M@E&Wp
G () (Rogrg BN — AR 5B + R2>>, (5.2)

where « is the Gauss-Bonnet coefficient with dimensions of (length)? and is positive in
Heterotic string theory. The function G(¢) is arbitrary and signifies a dilaton-like coupling.

Let us also assume that all quantities are functions of r and take the following ansatz
for the metric and gauge fields of a Reissner-Nordstrom- Gauss-Bonnet (RNGB) black hole:

ds* = —a(r)*dt* + a(r)"2dr® + b(r)*dQ?, (5.3)
F® = 0@t — o)t A dr -+ Qi sindidd 1 do, (5.4
Plugging” the above ansatz in the action one finds the following one-dimensional action:
S = % / dr [2 — (@®b?)" = 2a%0b" — 2a%6*(0,¢)* — ngi;‘”
+8a G(¢)0, (ad'(—1 +a2b’2))} (5.5)
The Hamiltonian constraint, which must be imposed in addition takes the form:
—1+a%?%+ a2,262/ + b%‘/eﬂ‘(gbi) —a??¢”? = —4aG’ <aa' - 3a3a'b/2> , (5.6)

where a primes indicates derivation with respect to r.

The equations of motion following from (f.5) are:®

224y = L Vet 5 4G
(abqﬁ)—%2 o + ad¢

(ad" (1 - aZb'Q))/, (5.7)

"See footnote E

81t is easily checked that the r.h.s. of the first equation, if evaluated at the horizon, leads to the effective
potential Weg = V+4 o G. This concides with the general effective potential () for the G.B. parameters
(8,0) = (—4,1), if we re-absorb « into the function G.

— 11 —



Vv
(aQb)H —a"?b — 2ad't + a®by”? + % = da ((a?’a'b'G')/ + a?’a'b'G”> , (5.8)

b’ + 12 = o (—26" + 207 (GH?)') . (5.9)
To solve the above equations, we take two different approaches: z-expansion and a-
expansion as explained in the following subsections.

5.2 r-expansion series solutions

By z-expansion, we mean a set of solutions as a Frobenius series given in (.4)-(f.6). We

take a common \; = A for all the solutions and write the series as:
¢(r) = ¢o + Kat 4 -,

a(r) = z+ a4 -

)

b(r) = r(l+bia* +---).

Let us also consider Taylor series expansions for V(¢) and G(¢) as follows,

V(9) = v+ va(p— 9o) + 3ua(d— 90)* + - (5.10)
G(¢) = 90+91(¢—¢0)+%92(¢—¢0)2+“' : (5.11)

Since integer values of A are included in the results of section [, we look for non-integer
values A > 0, which give us a regular (though non-analytic) set of solutions at the horizon.
By a careful investigation near the horizon, for the lowest power of z which is z*, one

can solve the set of equations together and find the non-trivial solutions as:

1 4
A=< <—1+\/1+2(”L292)>, (5.12)
2 Ty

vy = r%{, v, = —4g1, (5.13)

with g1 = a1 = b1 = 0. However, vo, go and K are undetermined to this order. The value
of A in (5.19) is precisely what we already found in eq. (B.7) with Wy = V(¢) + 4G(9).
The second equation in (5.19) is the extremum condition for Wy which gives the attractor
value ¢ at the horizon. Notice that we are faced with an extra condition g; = 0, which
indicates that G, V and Wy are at their extremum at the horizon, simultaneously. Such a
case would be the only situation where a non-integer A can be found. Otherwise we have
to choose A = 0 for g1 # 0. The regularity condition for ¢ indicates that A should be
non-negative and it in turn gives vy + 4go > 0. This again means that Wy is minimum at
its extremum point ¢g.

Higher order terms can be derived in a similar fashion. The important point is that,
due to the non-linear nature of equations, they are a mixture of different powers of A, like

A

™ as well as 2" ™. To order these powers, we assume 0 < A < 1. Then the next leading

term would be z?*. For higher order terms, since \ is already known from the first order

- 12 —



result (5.12), we can distinguish the next order from z3* and 2**!. For small enough ), it

A as argued in [{.

shows that we are generating a power series, ="

Notice that in contrast to the analysis of section [J, here we considered all the equations
simultaneously. This first means that, in principal, we are taking the backreaction into
account. Secondly, since we are dealing with a higher derivative theory, besides the so-
called Klein-Gordon equation for ¢ field. Other equations also involve the second derivative

of ¢ and are important in the dynamics of ¢. So, they should be investigated as well.

5.3 a-expansion

Motivated by low energy effective actions of string theory, it is be reasonable to consider «
as a small parameter (proportional to ') and try to solve the set of equations perturbatively
in the o parameter. Obviously, to zeroth order, we start with the results in [ff]. Let us
consider

o(r) = ¢ +adM(r) + 0?6 (r) + -+,

a(r) = <1 — TTH) +aaV(r) +a?aP(r) + -,

b(r) =r (1 + abM(r) + a?@ (1) 4 - ) ;

together with Taylor expansions (p.10) and (p.11)).

Take ¢(©) = ¢, the constant solution at zeroth order. Then we find,

(=1++/142v2 /rH)/2
s — <1 . T_H) L Py, (5.14)
T
where Py is a function of r which behaves like a polynomial = of order 4 near the horizon.
Moreover a(P (1) and b(1)(r) can be set to zero consistently. It is worth mentioning that the
attractor equation (B.1J) should remain valid to all orders in «, so that when expanding
in powers of a:

AWy  d
=1 (V(¢) +4aG(9)) |n

1
= v+ <vg¢g) + 4g1> o+ 3 <v2¢g) + v3( (I_}))Z + 8¢9 g)) o + (’)(ag),

= 0. (5.15)

Solving at each order in «, one finds:

v = Oa
n _ 49
¢H - V9 )
9 16
¢§{) = 3 (2919202 — g7v3)

where the first equation is the extremum condition to zeroth order in a and the other two
equations give the correct boundary value of the first and second order fields at the horizon,
respectively.
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Figure 2: ¢(r) vs. log(r), where numerical coefficients for the potentials are go = v;>2 = 1 and
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g1 = 2. Different curves represent different asymptotic values for ¢o,. The attractor point is ¢y = 0
at the horizon, rg = 1.

At the second order, we one can find non-zero a(? (r), b3 (r) and ¢ (r), in terms of
some integration constants. These constants are subject to boundary conditions which we
already mentioned in section []. Of course we have enough integration constants to satisfy
all the boundary conditions. Especially, for the scalar field, we set its value at the horizon
to be ¢y and at infinity it takes any free value. This proves the attractor behavior of the
system for scalar field moduli.

The z-expansion of ¢(2) (r) shows that it includes terms like 2™ log  which indicate the
non-analytic behavior, though regular, near the horizon. To avoid quoting lengthy results,
we demonstrate our results in figure f.

6. Conclusion

In this paper, we studied the attractor mechanism in a theory of gravity coupled to gauge
fields and scalar fields, with higher derivative R? terms in the action. By investigating
solutions of the equations of motion, we observed the attractor behavior explicitly. We
looked for all possible solutions which admit the criteria of being regular at the horizon
and free in the asymptotic region.

The near horizon analysis done in section f (see also [[J]), shows the criteria for
attractor behavior. Although, the existence of a consistent set of solutions involving the
backreaction remains far from obvious. In R? gravity and especially in Gauss-Bonnet
theory, we solved the equations for the background and scalar fields simultaneously which

means inclusion of backreaction effects.

— 14 —



For the Gauss-Bonnet theory, given flat asymptotic boundary condition for back-
grounds, the regularity of scalar fields at the horizon is a sufficient (and obviously nec-
essary) condition to meet the attractor mechanism. The regularity at the horizon, in the
non-analytic sector, sets some restriction on the effective potential Wy which is indeed its
minimality condition at its critical point.

The solution with analytic behavior at the horizon appears as a new branch in the
set of attractor solutions which gives no minimality restriction on the effective potential,
W . So we observe that, compared to the case studied in [, turning on the R? terms and
coupling them to the moduli in the form of (.9), a new sector of solutions appear for which
the extremality of the effective potential is enough to produce the attractor behavior.

Although, for the analysis in this paper we considered asymptotically flat space times,
with the same technology, it is easy to check that attractor mechanism works as well for
asymptotically (A)ds backgrounds.
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